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Abstract
We establish global solutions of nonconcave hyperbolic equations with relaxation arising
from trafﬁc ﬂow. One of the characteristic ﬁelds of the system is neither linearly degenerate
nor genuinely nonlinear. Furthermore, there is no dissipative mechanism in the relaxation
system. Characteristics travel no faster than trafﬁc. The global existence and uniqueness of the
solution to the Cauchy problem are established by means of a ﬁnite difference approximation.
To deal with the nonconcavity, we use a modiﬁed argument of Oleinik (Amer. Math. Soc.
Translations 26 (1963) 95). It is also shown that the zero relaxation limit of the solutions exists
and is the unique entropy solution of the equilibrium equation.
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1. Introduction
We study a system of nonconcave hyperbolic equations with relaxation originated
from trafﬁc ﬂow. The phenomenon of relaxation is important in many physical
situations including kinetic theory, magneto-hydrodynamics, phase transition, water
*Fax: +319-335-0627.
E-mail address: tli@math.uiowa.edu.
1The author thanks Dr. H.M. Zhang for informative discussions.
0022-0396/03/$ - see front matter r 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-0396(03)00014-7
waves and trafﬁc ﬂow. A lot of work has been done on the mathematical theory of
relaxation, for example, [2,20–22]. Most of the results were obtained under the
subcharacteristic condition. The subcharacteristic condition gives rise to a dissipative
mechanism which yields the global existence and stability of solutions. However, our
trafﬁc ﬂow model is a relaxation system with a nonconcave ﬂux and does not satisfy
the subcharacteristic condition. The above standard analysis fails in our case and
hence a different analysis is needed.
Our system is derived as a nonequilibrium continuum model of trafﬁc ﬂows. There
are various important approaches toward the modeling of trafﬁc phenomena:
microscopic models which explain trafﬁc phenomena on the basis of the behavior of
single vehicles [4], macroscopic models which describe trafﬁc phenomena through
parameters which characterize the collective trafﬁc properties [1,3,5,14–18,25,29–31],
and kinetic or the Boltzmann-like models [7,10,26]. Lighthill and Whitham [18] and
Richards [27] derived the ﬁrst continuum theory of trafﬁc ﬂow, Lighthill, Whitham
and Richards (LWR) theory, under the assumption that there exists an equilibrium
speed–density relationship. The nonlinear model can explain the formation of shock
waves which corresponds to congestion formation in trafﬁc ﬂow. It fails to capture
some ﬁner features of trafﬁc ﬂow exhibited by nonstationary trafﬁc [7,8,28].
Nonequilibrium models, consisting of the continuity equation and an equation to
describe acceleration behavior, were studied by many authors including Aw and
Rascle [1], Greenberg [5], Klar and Wegener [10], Li [14], and Zhang [30], under the
restriction that the equilibrium ﬂux is concave. An equilibrium ﬂux is also called a
fundamental diagram in trafﬁc ﬂow. It gives a correspondence of vehicle density to
the ﬂow rate in trafﬁc. When the fundamental diagram is concave, characteristic
ﬁelds are either genuinely nonlinear or linearly degenerate, in the sense of Lax [12].
An important open problem in the literature is to extend the previous results to
nonconcave fundamental diagrams as suggested from the experiment data
[7,8,10,31].
The hyperbolic system with relaxation we study is
rt þ ðrvÞx ¼ 0; ð1Þ
vt þ vvx þ rv0
*
ðrÞvx ¼
v
*
ðrÞ  v
t
ð2Þ
with initial data
ðrðx; 0Þ; vðx; 0ÞÞ ¼ ðr0ðxÞ; v0ðxÞÞ; ð3Þ
where v ¼ v
*
ðrÞ is the equilibrium velocity. It is assumed that v
*
ðrÞ is smooth and
decreasing,
v0
*
ðrÞo0: ð4Þ
v
*
ð0Þ ¼ vf and v* ðrmaxÞ ¼ 0 where vf is the free ﬂow speed and rmax is the jam
concentration. t40 is the relaxation time. Eq. (1) is a conservation law for r: Eq. (2)
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is a rate equation for v; which is not a conservation of momentum as in ﬂuid ﬂow
equations. The third term on the left-hand side of (2) is an anticipation factor
compare to pressure in the momentum equation. The anticipation factor describes
drivers’ car-following behavior. The right-hand side of (2) is the relaxation term. One
special feature of the model is that there is no diffusion term in the Chapman–
Enskog expansion approximation. Moreover, characteristics travel no faster than
trafﬁc, i.e., the model is anisotropic. Thus there is no wrong way trafﬁc as described
in [3]. Zhang [30], Aw and Rascle [1] and Klar and Wegener [10] gave derivations
of the model from different approaches. We will present Zhang’s derivation in
Section 2.
As the relaxation parameter t goes to zero, the solutions are expected to tend to
the equilibrium solution. The equilibrium solution satisﬁes the LWR model
rt þ ðqðrÞÞx ¼ 0 ð5Þ
with initial data
rðx; 0Þ ¼ r0ðxÞ: ð6Þ
The equilibrium ﬂux or the fundamental diagram
qðrÞ ¼ rv
*
ðrÞ ð7Þ
is nonconcave.
Fig. 1 is an example of such a fundamental diagram. It is interesting to note that in
some trafﬁc ﬂow models a nonconcave fundamental diagram is a necessary condition
to obtain complicated trafﬁc ﬂow patterns including clusters [7,9].
We establish the global existence of the solutions to (1)–(3) with a general
fundamental diagram based on an equivalent Lagrangian formulation following
Greenberg [5]. The existence is obtained by means of a ﬁnite difference
approximation. The ﬁnite difference scheme is a ﬁrst-order monotone conservative
upwind scheme. In order to obtain the total variation bounds of the ﬁnite difference
approximation solutions of our nonconcave hyperbolic equations, we use a modiﬁed
argument in the proof of Lemma 14 of Oleinik [23], then show that the limit of the
ﬁnite difference approximations satisﬁes the Kruzkov entropy condition in [11]
following the proof of the theorem in [6]. It is shown that if the initial data is positive
and bounded, then the solution stays positive and bounded. The uniqueness of the
entropy solution is obtained. Finally, it is shown that zero relaxation limit of the
solutions exists and is the unique entropy solution of the equilibrium equation.
The plan of the paper is the following: Section 2 is the preliminaries including a
derivation of the trafﬁc ﬂow model. In Section 3, we establish the global existence of
entropy solutions to (1)–(3). In Section 4, the uniqueness of the entropy solutions is
obtained. In Section 5, the zero relaxation limit is shown to exist and to be the
unique entropy solution of the equilibrium equation. Section 6 consists of the
conclusions.
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2. Preliminaries
In this section, we give Zhang’s [30] derivation of the nonequilibrium trafﬁc ﬂow
model (1), (2). The model is derived based on the empirical evidence of trafﬁc ﬂow
behavior and the assumption that the time needed for a following vehicle to assume a
certain speed is determined by leading vehicles.
The equation that describes speed dynamics stems from a car-following model:
tx00nðtÞ ¼ x0n1ðtÞ  x0nðtÞ;
where t40 is the driver response time and Dx ¼ xn1ðtÞ  xnðtÞ40:
t
dv
dt
ðx; tÞ ¼ vðx þ Dx; tÞ  vðx; tÞ:
To leading order, we have
tðvt þ vvxÞ ¼ vxðx; tÞDx:
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Fig. 1. A fundamental diagram qðrÞ of trafﬁc ﬂow.
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To obtain closed equations for r and v; we have to specify the coefﬁcient Dxt : To ﬁnd
the closure relation for the balance law, we let the disturbance propagation speed
Dx
t
¼ ðl
*
ðrÞ  v
*
ðrÞÞ ¼ rv0
*
ðrÞ40
be the relative wave propagating speed to the car speed at the equilibrium. We obtain
(2) by adding the relaxation term. The minus sign on the right hand side comes from
the fact that the behavior of the driver is determined by leading vehicles. Eq. (2)
reveals that the acceleration or deceleration of a vehicle stream is proportional to
trafﬁc speed gradient instead of concentration gradient.
This gives the derivation of system (1), (2).
The characteristic speeds of (1), (2) are
l1ðr; vÞ ¼ rv0
*
ðrÞ þ vov ¼ l2ðr; vÞ: ð8Þ
We see that both characteristics travel no faster than trafﬁc, i.e., anisotropic. As a
consequence, there is no wrong way trafﬁc.
The right eigenvectors of the Jacobian of the ﬂux are
r1ðr; vÞ ¼ ð1; v0
*
ðrÞÞT
and
r2ðr; vÞ ¼ ð1; 0ÞT :
The system is strictly hyperbolic provided r40:
Furthermore, the ﬁrst characteristic ﬁeld is neither linearly degenerate nor
genuinely nonlinear
rl1ðr; vÞ  r1ðr; vÞ ¼ q00ðrÞ;
since we are considering a nonconcave fundamental diagram qðrÞ:
The other characteristic ﬁeld is linearly degenerate
rl2ðr; vÞ  r2ðr; vÞ ¼ 0:
It is well known that system (1), (2) does not admit classical solutions due to the
nonlinearity of the ﬂux. We consider the weak solutions.
Discontinuous solutions satisfy Rankine–Hugoniot condition of the conservation
law (1), i.e.,
sðrl; vl; rr; vrÞ ¼
½rv

½r
 ;
where s is the shock speed and ½r
 ¼ rl  rr is the jump of r across the shock.
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For discontinuities of the ﬁrst characteristic ﬁeld, it follows from r1ðr; vÞ ¼
ð1; v0
*
ðrÞÞT that
ðv  v
*
ðrÞÞl ¼ ðv  v* ðrÞÞr ð9Þ
and
sðrl; vl; rr; vrÞ ¼ ðv  v* ðrÞÞl þ
½qðrÞ

½r
 : ð10Þ
The shock speed must satisfy the extended entropy condition of Liu [19]
sðrl; vl; rr; vrÞpsðrl; vl; r0; v0Þ
for all ðr0; v0Þ between ðrl; vlÞ and ðrr; vrÞ along the shock curve. Hence
ðv  v
*
ðrÞÞl þ
qðrrÞ  qðrlÞ
rr  rl
pðv  v
*
ðrÞÞl þ
qðr0Þ  qðrlÞ
r0  rl
for all ðr0; v0Þ between ðrl; vlÞ and ðrr; vrÞ along the shock curve. This reduces to
qðrrÞ  qðrlÞ
rr  rl
pqðr0Þ  qðrlÞ
r0  rl
ð11Þ
for all r0 between rr and rl: Eq. (11) is same as the Oleinik entropy condition [24]
which is equivalent to Kruzkov entropy condition [11] for general scalar
conservation law (5). The entropy condition (11) reduces to Lax’s entropy condition
[12] if the ﬁrst characteristic ﬁeld is genuinely nonlinear.
Discontinuities of the second family are contact discontinuities since the
characteristics is linearly degenerate. Indeed, from r2ðr; vÞ ¼ ð1; 0ÞT ; we have that
across a contact discontinuity
½v
 ¼ 0 ð12Þ
and
sðrl; vl; rr; vrÞ ¼ l2ðrl; vlÞ ¼ vl ¼ l2ðrr; vrÞ ¼ vr: ð13Þ
A contact discontinuity separates two regions of trafﬁc with different concentrations
but the same travel speed. This is a new phenomenon described by this anisotropic
model [30].
On the equilibrium curve, v ¼ v
*
ðrÞ; a marginal stability condition [20,29]
l1 ¼ l*ol2 ð14Þ
is satisﬁed, where l
*
is the characteristic speed of the equilibrium equation (5):
l
*
ðrÞ ¼ rv0
*
ðrÞ þ v
*
ðrÞ: ð15Þ
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Thus there is no diffusion in the process of relaxation for the trafﬁc ﬂow
model (1), (2). Eq. (14) is a direct consequence of the anisotropic feature of trafﬁc
ﬂows. Indeed, the Chapman–Enskog expansion leads to the conclusion. Let v ¼
v
*
ðrÞ þ v1 be a small perturbation of the equilibrium state and plug it into the rate
equation (2) to have
ðv
*
ðrÞ þ v1Þt þ ð12 ðv* ðrÞ þ v1Þ
2Þx þ rv0* ðrÞðv* ðrÞ þ v1Þx
¼ v* ðrÞ  ðv* ðrÞ þ v1Þ
t
: ð16Þ
We have, to leading order, that
ðv
*
ðrÞÞt þ
1
2
v2
*
ðrÞ
 
x
þrv0
*
ðrÞðv
*
ðrÞÞx ¼ 
v1
t
:
The equilibrium equation (5) is used to determine the primary direction of wave
propagation
@
@t
þ l
*
ðrÞ @
@x
¼ 0: ð17Þ
Solving v1; we have
v1 ¼ tðv0
*
ðrÞl
*
ðrÞ þ v
*
ðrÞv0
*
ðrÞ þ rv02
*
ðrÞÞrx: ð18Þ
Noticing (15), we have that
v1 ¼ 0:
Now plugging v ¼ v
*
ðrÞ þ v1 ¼ v* ðrÞ into conservation law (1), we arrive at
equilibrium equation (5). Thus, there is no diffusion term in the Chapman–Enskog
expansion approximation.
3. Existence
We establish the global existence of solutions to the Cauchy problem of (1)–(3)
with a nonconcave fundamental diagram.
First, observe that the system of equations (1), (2) is equivalent to the system of
equations (1) and
st þ vsx ¼ st; ð19Þ
where
s ¼ v  v
*
ðrÞ ð20Þ
is the signed distance to the equilibrium curve.
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We solve (1) and (19) with data
ðrðx; 0Þ; sðx; 0ÞÞ ¼ ðr0ðxÞ; s0ðxÞÞ: ð21Þ
It is assumed that
v
*
ðeÞps0ðxÞp0 ð22Þ
and
epr0ðxÞpv1* ðs0ðxÞÞ ð23Þ
for some e40:
We establish our results based on an equivalent Lagrangian formulation of (1) and
(19) following Greenberg [5].
Let
MðxÞ ¼
Z x
0
r0ðyÞ
rmax
dy; NoxoN ð24Þ
and
M ¼ lim
x-N MðxÞ; Mþ ¼ limx-N MðxÞ: ð25Þ
For any MAðM; MþÞ; let w0ðMÞ be the unique solution of
M ¼
Z w0ðMÞ
0
r0ðyÞ
rmax
dy: ð26Þ
Let x ¼ wðM; tÞ be the auto trajectory deﬁned by
wt ¼ v* ðrðw; tÞÞ þ sðw; tÞ; wðM; 0Þ ¼ w0ðMÞ: ð27Þ
For any M1oM2AðM; MþÞ; we have
M2  M1 ¼
Z wðM2;tÞ
wðM1;tÞ
rðx; tÞ
rmax
dx: ð28Þ
Let
gðM; tÞrðwðM; tÞ; tÞ ¼ rmax; ð29Þ
where
gðM; tÞ ¼ wMðM; tÞ: ð30Þ
Let
SðM; tÞ ¼ sðwðM; tÞ; tÞ: ð31Þ
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Then (19), (27) and (30) imply that
@S
@t
¼ S
t
; MoMoMþ ð32Þ
and
@g
@t
¼ @
@M
ðwðgÞ þ SÞ; MoMoMþ; ð33Þ
where
wðgÞ ¼ v
*
rmax
g
 
: ð34Þ
Moreover,
w0ðgÞ ¼ rmax
g2
v0
*
rmax
g
 
40 ð35Þ
due to assumption (4) and
w00ðgÞ ¼ rmax
g3
rmax
g
v00
*
rmax
g
 
þ 2v0
*
rmax
g
  
¼ rmax
g3
q00
rmax
g
 
: ð36Þ
Therefore wðgÞ is nonconcave because qðrÞ is nonconcave. Consequently, one of the
characteristic ﬁelds of system (32), (33) is neither linearly degenerate nor genuinely
nonlinear. Indeed,
l1ðg; SÞ ¼ w0ðgÞo0 ¼ l2ðg; SÞ: ð37Þ
The right eigenvectors of the Jacobian of the ﬂux are
r1ðg; SÞ ¼ ð1; 0ÞT
and
r2ðg; SÞ ¼ ð1;w0ðgÞÞT :
And
rl1ðg; SÞ  r1ðg; SÞ ¼ w00ðgÞ:
The ﬁrst characteristic ﬁeld is neither linearly degenerate nor genuinely nonlinear.
The other characteristic ﬁeld is linearly degenerate
rl2ðg; SÞ  r2ðg; SÞ ¼ 0:
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We solve system (32), (33) with the initial data
SðM; 0Þ ¼ s0ðw0ðMÞÞ; gðM; 0Þ ¼ w00ðMÞ ¼
rmax
r0ðw0ðMÞÞ
ð38Þ
for MoMoMþ:
A weak solution of (32), (33) and (38) is deﬁned in the following. Let u ¼ ðS; gÞT
and f ðuÞ ¼ ð0;ðwðgÞ þ SÞÞT :
Deﬁnition. Bounded measurable functions A and g are solutions of (32), (33) and
(38) if
Z þN
0
Z þN
N
ðuft þ f ðuÞfxÞ dx dt þ
Z þN
N
uðx; 0Þfðx; 0Þ dx ¼ 0;
where f is any smooth function with compact support in tX0:
There are two families of discontinuous solutions. The ﬁrst characteristic ﬁeld is
neither linearly degenerate nor genuinely nonlinear. The ﬁrst family of discontinuous
solutions satisfy
Sl ¼ Sr
and
sðSl; gl; Sr; grÞ ¼ Sl 
½wðgÞ

½g
 ;
see (9) and (10).
A weak solution is said to be admissible if the extended entropy condition
sðSl; gl; Sr; grÞpsðSl; gl; S0; g0Þ
for all ðS0; g0Þ between ðSl; glÞ and ðSr; grÞ along the shock curve is satisﬁed. Hence
ðwðgrÞ  wðglÞÞ
gr  gl
pðwðg0Þ  wðglÞÞ
g0  gl
ð39Þ
for all g0 between gr and gl: The entropy condition (39) is equivalent to (11).
Discontinuous solutions of the second family are contact discontinuities and
satisfy
½S þ wðgÞ
 ¼ 0
and
sðSl; gl; Sr; grÞ ¼ ðS þ wðgÞÞl ¼ ðS þ wðgÞÞr; ð40Þ
see (12) and (13). A contact discontinuity can only be originated from initial data.
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The existence of an entropy solution to problem (32), (33), (38) without assuming
concavity of w is established by means of a ﬁnite difference approximation. Now we
present the ﬁnite difference scheme.
Let
Mk ¼
Z w0
k
0
r0ðyÞ
rmax
dy ð41Þ
and ðDMÞk ¼ Mkþ1  Mk40: Let
Snk ¼ SðMk; nDtÞ: ð42Þ
Let gnk be the cell average
ðDMÞkgnk ¼
Z Mkþ1
Mk
gðM; nDtÞ dM: ð43Þ
Eq. (32) is approximated by
Snk ¼ S0ke
nDt
t ¼ s0ðw0ðMkÞÞe
nDt
t : ð44Þ
We discretize (33) by a ﬁrst-order monotone conservative upwind scheme. Since
w0ðgÞ40; we choose the following upwind scheme:
gnþ1k ¼ gnk þ
Dt
ðDMÞk
ðwðgnkþ1Þ þ Snkþ1  wðgnkÞ  SnkÞ: ð45Þ
The trajectory is updated by
wnþ1k ¼ wnk þ DtðwðgnkÞ þ SnkÞ: ð46Þ
From (4) and (35), we have that w0ðgÞ40 is bounded for g41: Let
max
gX1
w0ðgÞ ¼ W40: ð47Þ
The step size Dt must satisfy the stability condition, the Courant–Friedrichs–Levy
(CFL) condition
0o DtðDMÞk
Wo1 ð48Þ
for all k:
We give some a priori estimates for the ﬁnite difference solutions in the following
lemmas.
The ﬁrst two lemmas were established by Greenberg [5] for the trafﬁc ﬂow model
(1), (2) under the restriction that the equilibrium ﬂux is concave. These two lemmas
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are still valid without assuming concavity of the equilibrium ﬂux. We include the
proof here.
Lemma 3.1. If (22), (23) and (48) hold, then
gnkX1; wðgnkÞ þ SnkX0; Snkp0 ð49Þ
for all k and for all n40:
Proof. When n ¼ 0; (49) holds because of assumptions (22) and (23).
Assume that (49) holds for n: We show that the same is true for n þ 1:
From Eq. (44), we have that Snþ1k p0 for all k:
If wðgnkþ1Þ þ Snkþ1  SnkXlimg-N wðgÞ ¼ v* ð0Þ; then (35) and (45) imply that
gnþ1k Xg
n
kX1:
This in turn implies that wðgnþ1k Þ þ Snþ1k XwðgnkÞ þ Snþ1k : Noting (35), (44),
Snþ1k  Snk ¼ ðe
Dt
t  1ÞSnk40; and the induction assumption (49), we have
wðgnþ1k Þ þ Snþ1k XðwðgnkÞ þ SnkÞ þ ðSnþ1k  SnkÞX0:
If wðgnkþ1Þ þ Snkþ1  Snkov* ð0Þ; then the induction assumption (49) implies that
v
*
ðrmaxÞ ¼ 0p Snkpwðgnkþ1Þ þ Snkþ1  Snkov* ð0Þ: Therefore, (35) implies that
there exists a GnkA½1;NÞ such that wðGnkÞ ¼ wðgnkþ1Þ þ Snkþ1  Snk: Under the CFL
condition (48), (45) implies that 1pminfGnk; gnkgpgnþ1k pmaxfGnk; gnkg:
If Gnkognk; then (35) implies that wðgnþ1k Þ þ Snþ1k XwðGnkÞ þ Snþ1k : The deﬁnition of
Gk; the induction assumption (49) and formula (44) imply wðgnþ1k Þ þ Snþ1k X
ðwðgnkþ1Þ þ Snkþ1Þ þ ðSnþ1k  SnkÞX0:
If gnkpGnk; then (35) implies that wðgnþ1k Þ þ Snþ1k XwðgnkÞ þ Snþ1k : The
induction assumption (49) and formula (44) imply wðgnþ1k Þ þ Snþ1k XðwðgnkÞ þ SnkÞþ
ðSnþ1k  SnkÞX0:
This establishes the inequalities in (49) for n þ 1:
Therefore (49) holds for all n40: &
Assumption A. Assume that the initial data s0ðw0ðMÞÞ in (38) satisﬁes that
d
dM
s0ðw0ðMÞÞ is bounded and has bounded total variation.
We establish an upper bound for gnk in the next lemma.
Lemma 3.2. If (22), (23), (48) and Assumption A hold and r0ðxÞXe40; then gnk
satisfies
gnkp
rmax
e
þmax
M
d
dM
s0ðw0ðMÞÞ

 Dt
1 eDtt
ð50Þ
for all k and for all n40:
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Proof. From Eqs. (44) and (45), we have that
gnþ1k ¼ 1
Dt
ðDMÞk
w0ðynkÞ
 
gnk þ
Dt
ðDMÞk
w0ðynkÞgnkþ1
þ DtðDMÞk
ðs0ðw0ðMkþ1ÞÞ  s0ðw0ðMkÞÞÞe
nDt
t ; ð51Þ
where ynk is in between g
n
k and g
n
kþ1 such that 0pw0ðynkÞ ¼
wðgn
kþ1ÞwðgnkÞ
gn
kþ1gnk
pW for all k
and n40; W is deﬁned in (47).
The CFL condition (48) implies that 0o DtðDMÞk w
0ðynkÞp DtðDMÞk Wo1: This yields
Gnþ1pGn þ Dt max
M
d
dM
s0ðw0ðMÞÞ

enDtt ; ð52Þ
where Gn ¼ maxk gnk and C40:
G0prmax
e
and
Xn
l¼0
e
lDt
t p 1
1 eDtt
; ð53Þ
then yield the desired bound (50). &
We now estimate the variation of g in M without assuming concavity of w (36).
The argument used to establish the total variation bound in [5] does not apply to the
nonconcave case. We obtain the total variation bound by modifying an argument
due to Oleinik [23].
Let
Z w0
kþ1
w0
k
r0ðyÞ
rmax
dy ¼ DM ð54Þ
be a constant.
Lemma 3.3. If (22), (23), (48), (54) and Assumption A hold, r0ðxÞXe40; and the
initial data have bounded total variations, then
X
k
jgnkþ1  gnkjp
X
k
jg0kþ1  g0kj þ TV
d
dM
s0ðw0ðMÞÞ
 
Dt
1 eDtt
: ð55Þ
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Proof. Let
vnk ¼ 1
Dt
DM
w0ðynkÞ
 
gnk þ
Dt
DM
w0ðynkÞgnkþ1 ð56Þ
for all k in Eq. (51), where ynk is the same as in Lemma 3.2.
Under the CFL condition (48), we have that 0o DtDM w0ðynkÞp DtDM Wo1; therefore vnk
is in between gnk and g
n
kþ1:
Eq. (51) now becomes
gnþ1k ¼ vnk þ
Dt
DM
ðs0ðw0ðMkþ1ÞÞ  s0ðw0ðMkÞÞÞe
nDt
t ð57Þ
for all k; where we have used (44).
Therefore
gnþ1kþ1  gnþ1k ¼ vnkþ1  vnk þ Dt
s0ðw0ðMkþ2ÞÞ  s0ðw0ðMkþ1ÞÞ
DM

 s0ðw0ðMkþ1ÞÞ  s0ðw0ðMkÞÞ
DM

e
nDt
t ð58Þ
for all k:
Since vnk is in between g
n
k and g
n
kþ1; we have that
X
k
jgnþ1kþ1  gnþ1k jp
X
k
jgnkþ1  gnkj þ DtTV
d
dM
s0ðw0ðMÞÞ
 
e
nDt
t : ð59Þ
Noticing (53), we arrive at (55). &
We have shown that the total variation of gð; nDtÞ over any ﬁnite interval
ðMl; MrÞ is bounded by its initial data.
Now we show the continuity in t of the approximation solutions.
Let MloMr and MlpMkpMr for klpkpkr:
Let the CFL number in (48) be mAð0; 1Þ:
Lemma 3.4. If (22), (23), (48), (54) and Assumption A hold, r0ðxÞXe40; and the
initial data have bounded total variations, then there exists an L40 such that
Xkr
k¼kl
jgmk  gpkjDtpLðm  pÞDM ð60Þ
for m4pX0; where L depends only on the total variation bound obtained in (55).
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Proof. From (51), we have that
gnþ1k  gnk ¼
Dt
DM
w0ðynkÞðgnkþ1  gnkÞ
þ Dt
DM
ðs0ðw0ðMkþ1ÞÞ  s0ðw0ðMkÞÞÞe
nDt
t ð61Þ
for all klpkpkr and for ppnpm  1; where 0o DtDM w0ðynkÞp DtDM Wo1 by the CFL
condition (48). Therefore
Xkr
k¼kl
jgnþ1k  gnkjDtp
Xkrþ1
k¼kl
jgnkþ1  gnkjDt
þ m max
M
d
dM
s0ðw0ðMÞÞ

ðMr  Ml þ 1ÞenDtt Dt ð62Þ
for ppnpm  1:
Using the total variation bound established in Lemma 3.3 and Assumption A, we
obtain (60). &
Now we obtain the global existence without assuming the concavity of the
equilibrium ﬂux.
Theorem 3.5. If (22), (23), (48), (54) and Assumption A hold, r0ðxÞXe40; r0; v0 have
bounded total variations, then there exists a subsequence of the finite difference
approximation solutions that converges in ðL1locÞ2 to an entropy solution of (32), (33)
and (38), with bounded total variations, as the mesh sizes Dt; DM-0:
Proof. By Helly’s theorem and a diagonal process, Lemmas 3.1–3.4 imply that there
is a subsequence of the approximation solutions that converges in L1loc as Dt;
DM-0: Since scheme (45) is in conservative form, by Lax and Wendroff [13], the
limit is a weak solution of (32), (33) and (38). Modifying the argument of Harten
et al. [6] so it applies to a conservation law with a source and applying it to (33), we
have that the limit satisﬁes the Kruzkov entropy condition in [11]
Z Z
PT
jgðM; tÞ  kjft  signðgðM; tÞ  kÞ½wðgÞ  wðkÞ
fMf
þ signðgðM; tÞ  kÞ @S
@M
f

dM dtX0 ð63Þ
for any constant k and any smooth function fðM; tÞX0 which is ﬁnite in PT (the
support of f is strictly in PT ). PT ¼ R  ½0; T 
 and R is an interval. The Kruzkov
entropy condition is equivalent to the Oleinik entropy condition (39) [11]. Therefore
the limit is an entropy solution of (32), (33) and (38). &
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4. Uniqueness
We show that entropy solution of (32), (33) and (38) with a nonconcave
fundamental diagram is unique.
Uniqueness follows from the following result on the stability of the solutions
relative to changes in the initial data.
For any R40 and P40; we set
NPðRÞ ¼ max
KR½0;T 
½P;P

jw0ðgÞj
and let k be the cone fðM; tÞ: jMjpR  Nt; 0ptpT0 ¼ minfT ; RN1gg: Let St
designate the cross-section of the cone k by the plane t ¼ t; tA½0; T0
:
Theorem 4.1. Let ðg1; s1ÞðM; tÞ and ðg2; s2ÞðM; tÞ be generalized solutions of problem
(32), (33) with bounded measurable initial data ðg10; s10ÞðMÞ and ðg20; s20ÞðMÞ;
respectively. Let Assumption A hold. Then for almost all t
Z
St
jg1ðM; tÞ  g2ðM; tÞj dMp
Z
S0
jg10ðMÞ  g20ðMÞj dM
þ ð1 ettÞ
Z
S0
js010ðMÞ  s020ðMÞj dM: ð64Þ
Proof. Applying the proof of Theorem 1 in [11] to problem (33) and using (32), we
obtain (64). &
5. Unique zero relaxation limit
For the quasilinear system of equations (1), (2), without assuming the concavity of
the equilibrium ﬂux, we show that the entropy solutions converge a.e. to the unique
entropy solution of the equilibrium equation (5), (6) as the relaxation parameter t
goes to zero. The limit models dynamic limit from the continuum nonequilibrium
processes to the equilibrium processes.
We denote the solutions to (1)–(3) as ðrt; vtÞ for each t40 and r the unique
entropy solution of the equilibrium equation (5) with initial data r0:
Theorem 5.1. Let (22), (23) and Assumption A hold, r0ðxÞXe40; r0; v0 have bounded
total variations. Let ðrt; vtÞ be the global entropy solution of (1)–(3). Then ðrt; vtÞ
converges in L1loc to ðr; v* ðrÞÞ as t-0 for any t40: Moreover, r is the unique entropy
solution of the equilibrium equation (5) with initial data r0:
Proof. It follows from Theorem 3.5 that the total variation of the entropy solutions
ðrt; vtÞ is bounded and the bound is independent of the relaxation parameter t: From
(32) and Lemma 3.4 we have that the solutions are continuous in t for t40 in L1loc
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uniformly with respect to t: Therefore for t40 there is a sequence of ðrt; vtÞ; still
denoted as ðrt; vtÞ; that converges in L1loc as t-0: Denote the limit as ðr; vÞ:
From (20) and (32), we have that
St ¼ vt  v
*
ðrtÞ-0 a:e:
as t-0 for t40: Therefore v ¼ v
*
ðrÞ:
Letting t-0 in (33) in the sense of distribution
Z þN
0
Z þN
N
gtft  ðwðgtÞ þ StÞfxð Þ dx dt ¼ 0
for all smooth f with compact support in t40; we obtain that the limit g
satisﬁes
Z þN
0
Z þN
N
gft  wðgÞfxð Þ dx dt ¼ 0
for all smooth f with compact support in t40: Therefore r solves (5), see (29) and
(34).
Moreover, from Theorem 3.5 we have that entropy condition (39) or equivalently,
(11), is satisﬁed across discontinuities of ðrt; vtÞ: Therefore, the limit r satisﬁes the
extended entropy condition (11) across discontinuities. Hence, r is the unique
entropy solution to (5) with initial data r0; see [24]. Since every convergent sequence
of rtðx; tÞ  rðx; tÞ converges in L1loc to a same limit r; we conclude that rt converges
in L1loc to r as t-0: &
6. Conclusions
We studied a system of hyperbolic equations with relaxation and with a
nonconcave equilibrium ﬂux arising from trafﬁc ﬂow.
A derivation of an anisotropic trafﬁc ﬂow model with a nonconcave equilibrium
ﬂux was presented. One special feature of our model is that there is no diffusion term
in the Chapman–Enskog expansion approximation. The model was derived based on
the assumption that drivers respond with a delay to changes of trafﬁc conditions and
road conditions in front of them. It was shown that if the initial data is positive, then
the solution stays positive.
The existence of the global existence of the solutions to (1)–(3) was obtained by
means of a ﬁnite difference approximation. The ﬁnite difference scheme is a ﬁrst-
order monotone conservative upwind scheme. In order to obtain the total variation
bounds of the ﬁnite difference approximation solutions of our nonconcave
hyperbolic equations, we used a modiﬁed argument in the proof of Lemma 14
of Oleinik [23], then showed that the limit of the ﬁnite difference approximations
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satisﬁes the Kruzkov entropy condition in [11] following the proof of the theorem
in [6]. The uniqueness of the entropy solution was obtained. The zero relaxation limit
was shown to exist and to be the unique entropy solution of the equilibrium
equation.
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